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. 

TECHNICAL NOTE D-191 

A STUDY OF THE GUIDANCE OF A SPACE VEHICLE RETURNING 

"0 A BRAKING ELLIPSE ABOUT THE EARTH 

By Jack A .  White 

An analysis  is  made of the guidance of a space vehicle attempting 
t o  graze the e a r t h ' s  atmosphere w i t h  a specif ied perigee a l t i t u d e .  
Random er rors  were assumed i n  the measurement of veloci ty  and f l i g h t -  
path angle and i n  obtaining the  desired t h r u s t  impulse. 
f o r  scheduling and applying corrective impulses are invest igated on the 
basis of eff ic iency and accuracy. "he f i r s t  method scheduled thrust 
corrections as a function of the rad ia l  distance from the vehicle t o  
the center of the ea r th .  The second method scheduled the correct ions as 
a function of f l i g h t  time. 
function of the angle between perigee and the vehicle posi t ion vector.  
The study showed that t h e  t h i r d  method provided the bes t  perigee a l t i -  
tude control .  However, the economy of the mission indicates  that a 
modification of the t h i r d  method such that another correct ion is  added 
near the  i n i t i a l  point  would provide a more e f f i c i e n t  method of sched- 
ul ing correct ive th rus t  than  the present method. 

Three methods 

The th i rd  method scheduled corrections a s  e 

For the three methods studied, an e r ro r  i n  the f l igh t -pa th  angle 
had a predominant e f f e c t  over e r rors  i n  veloci ty  and th rus t  impulse. 
w a s  found that, although the t ra jec tory  w a s  changed a t  each point  of 
correct ion,  the r a d i a l  distance and the instrumentation accuracy a t  the 
f i n a l  correction point before perigee detennined the f i r s t -pas s  perigee 
a l t i t u d e .  

It 

INTRODUCTION 

I n  order t o  avoid extreme heating and deceleration problems, a 
space vehicle returning t o  the ear th  a t  super-circular ve loc i t i e s  must 
decrease t h i s  veloci ty  before encountering the r e l a t ive ly  dense port ion 
of the atmosphere. 
applying reverse th rus t  but  such a procedure i s  considered Impractical  
because of the large amount of f u e l  required. A more e f f i c i e n t  method 
would be t o  cause the vehicle t o  graze the e a r t h ' s  atmosphere i n  order 
t o  slow the vehicle by aerodynamic braking. This method would probably 

This veloci ty  decrease could be accomplished by 
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require several  passes t o  reduce the veloci ty  su f f i c i en t ly .  
method of capture reference 1 shows the  relat ionship of f i r s t -pas s  
perigee a l t i t u d e  t o  such f ac to r s  as orb i t ing  t i m e  between the f i r s t  and 
f i n a l  pass, heating, and deceleration. Because the  number of passes 
required increases when the  f i r s t -pas s  perigee a l t i t u d e  increases, it 
i s  desirable f o r  the f i r s t -pas s  perigee a l t i t u d e  t o  be as low as the 
l iqi ts  of heating, deceleration, and accuracy of perigee a l t i t u d e  con- 
t r o l  allow. 
shown i n  f igure  1. 

For t h i s  

A schematic diagram of a braking e l l i p s e  t ra jec tory  i s  

Although the present study i s  based on a f i r s t -pas s  perigee a l t i -  
tude tolerance of f25,OOO f e e t  f o r  the nonl i f t ing  vehicle described i n  
reference 1, the results a re  applicable t o  various reentry corridors,  
f o r  l i f t i n g  vehicles.  
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I n  order t o  obtain a desired f i r s t -pas s  perigee a l t i t u d e  within 
acceptable l i m i t s ,  the t ra jec tory  of the  vehicle must be establ ished 
with great accuracy. 
t ra jec tory  (an o r b i t  having an eccent r ic i ty  close t o  1) a t  a distance 
of 100,000 m i l e s  from the ea r th  and t ry ing  t o  h i t  a perigee a l t i t u d e  
of 250,000 f e e t  would m i s s  t h i s  a l t i t ude  by 25,000 feet  (provided no 
other correction i s  made) i f  e i t h e r  a veloci ty  e r ro r  of about 3 f e e t  per 
second o r  a flight-path-angle e r ro r  of about 0.01' w a s  present.  Errors  
i n  velocity and f l ight-path angle of t h i s  order of magnitude w i l l  prob- 
ably be masked by the inherent inaccuracies of the instrumentation used 
t o  measure these quant i t ies .  

For example, a vehicle on a typica l  approach 

One a l t e rna t ive  t o  such extreme accuracy requirements i s  t o  provide 
periodic corrective t h r u s t  impulses as the  t ra jec tory  approaches the 
e a r t h  so that i n  s p i t e  of instrumentation inaccuracies the t r a j ec to ry  
can be controlled t o  the desired perigee a l t i t ude .  
paper is t o  study the r e l a t ive  performance of three methods of scheduling 
corrective t h r u s t  impulses i n  the presence of assumed random inaccuracies 
i n  measuring veloci ty  and f l igh t -pa th  angle and i n  obtaining the desired 
t h r u s t  impulse. 

The purpose of t h i s  

SYMBOLS 

semimajor axis of an e l l i p se ,  f e e t  unless otherwise s t a t ed  

correction point 

eccent r ic i ty  of an e l l i p s e  

grav i ta t iona l  constant, 32.2 f t / s ec2  
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semilatus rectum of an e l l ipse ,  f t  

radius of the ear th ,  3,960 miles 

r a d i a l  distance from center of ea r th  t o  vehicle, f t  

r a d i a l  distance from center of ea r th  t o  perigee point  of 
f l i g h t  path, feet unless otherwise s t a t e d  

time required t o  reach perigee, sec 

veloci ty  of space vehicle, f t / s e c  

magnitude of correct ive velocity vector, f t / s e c  

f l igh t -pa th  angle (angle between instantaneous veloci ty  and a 
l i n e  perpendicular t o  radius from center of ea r th  t o  space 
vehicle) ,  deg 

angle between a l i n e  from center of ea r th  t o  space vehicle 
and a l i n e  from center  of earth t o  perigee point  of f l i g h t  
path, deg 

angle between veloci ty  vector and correct ive veloci ty  vector, 
deg 

standard deviation of error  i n  V, f t / s e c  

standard deviation of error  i n  7, deg 

standard deviation of error  i n  VT, percent 

change i n  t, sec 

change i n  y ,  deg 

change i n  8,  deg 

change i n  r, f t  

magnitude of e r r o r  i n  V, f t / s e c  

magnitude of e r r o r  i n  7 ,  deg 

magnitude of e r r o r  i n  VT, f t / s e c  
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perigee a l t i t u d e ,  f t  kp 

Subscripts : 

0 conditions t h a t  define i n i t i a l  t r a j ec to ry  

1,2,3, ... 10 order of correct ions where 1 i s  correct ion a t  i n i t i a l  
pos i t ion  

R r e s u l t  of applying a correct ion 

METHOD OF ANALYSIS 

Approach Conditions and Assumptions 

L 
7 
0 
2 

This study i s  concerned with the port ion of the z a j e c t o r y  of a 
space vehicle approaching the  ea r th  beginning a t  a dis tance of about 
100,000 miles from the center  of the e a r t h  and ending a t  the f i r s t - p a s s  
perigee a l t i t u d e .  I n  a l l  cases considered the space vehicle i s  
approaching the e a r t h  on an e l l i p t i c a l  path with an eccen t r i c i ty  of 
almost 1 and t rave l ing  a t  the  appropriate e l l i p t i c  veloci ty .  

Time, temperature, and decelerat ion are l imi t ing  f ac to r s  f o r  a 
braking e l l i p s e  capture. 
the f i r s t  and f i n a l  passes increases d r a s t i c a l l y  as the f i r s t r p a s s  
perigee a l t i t u d e  increases and the temperature and decelerat ion increase 
as the  f i r s t -pass  perigee a l t i t u d e  decreases. For the vehicle described . 
i n  reference 1 having a perigee veloci ty  of about 36,000 f e e t  per second, 
orb i t ing  time increased from 2 t o  11 days when the perigee a l t i t u d e  
increased from 250,000 t o  275,000 f e e t  and equilibrium w a l l  temperature 
increased from 2,250° F t o  2,600~ F when the perigee a l t i t u d e  decreased 
from 250,000 to  225,000 f e e t .  
250,000 f e e t  w a s  chosen f o r  the desired f i r s t -pas s  perigee a l t i t u d e  and 
control  of the f i r s t -pas s  perigee a l t i t u d e  within %!5,OOO f e e t  w a s  
assumed t o  be acceptable. 

Reference 1 shows t h a t  orb i t ing  t i m e  between 0 

For t h i s  study based on t h i s  information, 

The following assumptions a re  made i n  t h i s  study: 

(1) The ea r th  is spherical .  

(2) Motion i s  considered only i n  the plane of the o r b i t  f o r  a 
nonrotating ear th .  

(3) The spaCe vehicle is  close enough t o  the ea r th  so that the 
gravi ta t ion f i e l d s  of a l l  other  bodies may be neglected. 
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The basic  technique of t h i s  s t u d y  i s  t o  apply corrections a t  given 
in t e rva l s  along the f l i g h t  path i n  order t o  provide the space vehicle 
with an acceptable perigee a l t i t u d e  control.  A t  each correct ion point  
the o r b i t a l  charac te r i s t ics ,  from the measured values of V and 7 
(obtained by adding an assumed e r ro r  t o  the t rue  value),  are calculated.  
Calculations a r e  then made t o  determine the  optimum di rec t ion  and magni- 
tude of correct ive veloci ty  required t o  cor rec t  the perigee a l t i t u d e  t o  
the desired f i r s t -pas s  perigee a l t i t ude .  After adding an assumed e r r o r  
i n  VT, the t h r u s t  impulse i s  applied i n  the optimum di rec t ion .  

The technique used i n  se lec t ing  errors t o  represent instrumentation 
inaccuracies i n  measuring the desired var iables  w a s  as follows. The 
range between a pos i t ive  and a negative assumed e r r o r  w a s  divided i n t o  
100 equal increments. These increments were d is t r ibu ted  normally along 
a table of numbers from 1 t o  1 x lo6 such t h a t  every number between 1 
and 1 x 10 had a spec i f i c  magnitude of e r r o r  assigned t o  it. A random 
number process was used t o  s e l e c t  a number (between 1 and 1 x lo6) and 
the e r r o r  assigned t o  t h i s  number i n  the table w a s  used t o  represent the 
inaccuracy of measuring the desired variable.  This technique, generally 
re fer red  t o  as the  Monte Carlo technique, i s  described i n  more de t a i l  i n  
reference 2. 

6 

Equat ions 

In  accordance with the  foregoing assumptions, the  f l i g h t  path of a 
space vehicle approaching t h e  ea r th  on an e l l i p t i c a l  path i s  described 
by the  following re la t ions .  (See r e f .  3.) 

2 
1 + e cos 8 

r =  

e =J1 - L  a (4) 

rp = a (1  - e )  ( 5 )  

The present study i s  based on the appl ica t ion  of a th rus t  impulse 
i n  the optimum di rec t ion  a t  a given rad ia l  dis tance i n  order t o  cor rec t  
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the perigee a l t i t u d e .  
and f l ight-path angle (dependent upon a known value of r )  of the vehicle  
are changed. This change i n  V and 7 defines a new t r a j ec to ry  with a 
different  perigee a t t i t u d e .  Therefore, the following analysis  i s  made i n  
order to determine ( a t  any r a d i a l  dis tance)  the d i rec t ion  t o  apply cor- 
rect ive th rus t  t h a t  w i l l  require  the minimum th rus t  impulse t o  produce a 
desired change i n  perigee a l t i t u d e .  

When a th rus t  impulse i s  applied, the ve loc i ty  

If equations ( 2 ) ,  ( 3 ) ,  and (4) are rearranged and then subs t i tu ted  
(measured 

1 

( 

i n to  equation ( 5 )  an expression f o r  the perigee distance 
from the center  of the ea r th )  i n  terms of the t r a j ec to ry  var iables  
and 7 i s  obtained. 

rp 
r ,  V, 

I 
L 

1 

The t o t a l  der ivat ive of 
result is  given by the following re la t ion :  

rp(V,7) i s  derived i n  the appendix and the 

arp d7 + - arP  dV drp(v,7) = - a V  a7 

where 

- = - -  ar, I tan  y 
a7 e 

The following r e l a t ions  f o r  dV and d7 are obtained from a 
diagram of the  veloci ty  vector and the correct ive veloci ty  vector shown 
i n  figure 2. These r e l a t ions  a re  t rue  when e7 i s  small and €v i s  
s m a l l  in  comparison with V .  

dV = VT COS u 
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VT s i n  a 
v d7 = (9)  

Subs t i tu t ing  these expressions for  dV and dy in to  equation (7)  
gives the following expression: 

i -  

. 

The maximum change i n  rp 
made i n  the d i rec t ion  defined by 

i s  obtained when the corrective veloci ty  i s  

a7 

3V 

t a n  a, =- 
V arP 

From equations (7) t o  (ll), a minimum value of the magnitude of the 
correct ive veloci ty  vector may be found t o  produce a given change i n  the 
perigee a l t i t u d e ,  

Errors 

L i t t l e  data a r e  avai lable  on the accuracy of measuring the veloci ty  
and f l igh t -pa th  angle of a4 object  a t  a grea t  distance from the  ear th .  
The assumed e r ro r s  of t h i s  report  are based on avai lable  information and 
it i s  believed that they a re  of the correct order of magnitude. 

The e r r o r s  i n  measuring velocity and f l igh t -pa th  angle and the e r ro r  
i n  applying correct ive t h r u s t  a r e  assumed t o  have a normal d i s t r ibu t ion .  
I n  order t o  determine the e f f ec t s  of an e r ro r  i n  measuring 
standard deviation of the e r r o r  i n  V w a s  varied from 1 t o  10 f e e t  per  
second while the e r ro r s  i n  7 and VT were assumed t o  be zero and then 
held a t  c r y  = O . O l 2 5 O  and aVT = 1 .3  percent. I n  order t o  determine 

the e f f e c t s  of an e r ro r  i n  measuring 7, the standard deviation of the  
e r r o r  i n  7 w a s  varied from 0.006250 t o  O.O375O while the e r r o r s  i n  V 
and VT were first assumed t o  be zero and then were av = 1 ft/sec and 
crvT = 1.3 percent. 

magnitude of the correct ive velocity,  the standard deviation of the 
e r r o r  i n  VT w a s  var ied from 1.3 t o  10.4 percent while the e r ro r s  i n  V 
and were aV = 1 ft/sec and a7 = 0.0125O. I n  t h i s  invest igat ion 

V, the 

I n  order t o  determine the e f f ec t s  of e r r o r  i n  the 



the errors i n  V and 7 were f i r s t  assumed t o  be dependent upon range 
and then invariant  with range. 

In the solut ion of equations ( 6 )  t o  (11) , the magnitude of the 
errors  a t  each correct ion point  w a s  determined by the appl icat ion of 
the Monte Carlo technique ( r e f .  2) whereby a random number process 
based upon the e r r o r  d i s t r ibu t ion  i s  used t o  s e l e c t  the e r r o r  magnitude. 

I 

I n i t i a l  conditions were assumed such that without correct ions 
perigee r a d i i  of (1) R + 250,000 fee t  where R = 3,960 miles, (2) 

of runs which s t a r t e d  w i t h  the i n i t i a l  conditions where 
6,000 miles, and ( 3 )  8,000 m i l e s  would be obtained. 

'PO P 

Studies were made I 

2 = R + 25O,OOO f e e t  i n  order t o  determine the e f f e c t s  of i n s t ru -  

mentation inaccuracies.  R u n s  of the i n i t i a l  conditions where 
r = 6,000 miles and rp = 8,000 m i l e s  were s tudied i n  order t o  

determine the e f f ec t s  of instrumentation inaccuracies when r e l a t i v e l y  
large corrections would be required t o  obtain a perigee a l t i t u d e  of 
250,000 f e e t .  

P O  0 

c 

I n  order t o  obtain the d i s t r ibu t ion  of the perigee a l t i t u d e  and 
t o t a l  corrective t h r u s t ,  1,100 runs w e r e  made f o r  each case. 

METHODS OF CONTROL 

Three methods of scheduling correct ive th rus t  before the space 
vehicle made i t s  f i rs t  pass through the atmosphere were invest igated.  
Schematic diagrams of the three t r a j ec to r i e s ,  defined by . 
a. = 100,000 miles and the three values of r of t h i s  study and 

presented so t h a t  the perigee a l t i t u d e  of the three would be above the 
same point on the surface of the earth, are shown i n  f igure  3 .  Also 
shown i n  f igure  3 are the i n i t i a l  points  f o r  these t r a j e c t o r i e s  and 
the correction points  along the t r a j ec to ry  where 

f o r  the three methods of scheduling correct ive th rus t  . 

P O  

= R + 2'30,000 feet  
rpO 

The f i rs t  method of scheduling correct ive thrus t ,  which i s  referred 
t o  as the  radial distance method, w a s  t o  apply a correct ion whenever the 
distance from the  center of the earth t o  the space vehicle decreased by 
a cer ta in  amount. The i n i t i a l  correct ion point  f o r  t h i s  method w a s  a t  a 
radius of  100,000 miles. For the radial distance method, radial incre-  
ments of 5,000, 7,500, 10,000, 12,500, and 15,000 m i l e s  were s tudied 
but resu l t s  f o r  only the 10,000-mile increments are presented. The 
10,000-mile increments were chosen because (1) the t o t a l  VT increased 
rapidly as the  increments decreased below 10,000 miles, and (2)  the 

. 
* 
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correction 

9 

Time required t o  reach 
perigee, hours 

1 

perigee a l t i t u d e  band increased i n  width w i t h  l i t t l e  or  no change i n  
t o t a l  VT as the increments increased above 10,000 miles. c 

The second method of scheduling corrective th rus t  was t o  apply a 
It w a s  found that, when small correct ion a t  constant t i m e  intervals .  

constant t i m e  in te rva ls  along the f l i g h t  path were used i n  order t o  
have several  corrections r e l a t ive ly  close t o  perigee, most of the cor- 
rec t ions  were applied i n  a region where f e w  corrections were needed. 
Therefore t h i s  method w a s  modified in  order t o  reduce the number of 
corrections by dividing the  f l i g h t  path in to  time segments and using 
d i f f e ren t  t i m e  in te rva ls  i n  each segment. The two divisions of the 
f l i g h t  path studied, re fer red  t o  as time method schedule A and t i m e  
method schedule B, are given i n  the following tables:  

C1 
c2 

c3 
c4 
c5 

c7 

c9 
c10 

c6 

c8 

15 
10 
7.5 
5 
4 
3 
2 

1*5  
1 

0 05 

Time method schedule B 

Correction Time required t o  reach 
perigee, hours 

C1 
c2 

c3 
c4 
c5 

c7 
c6 

c8 

17 
16 
11 
6 
3 05 
1 
0.666 
0.333 

The t h i r d  method of scheduling corrective t h r u s t ,  which i s  re fer red  
t o  as the angular method, w a s  t o  apply a correct ion whenever the angle 
between the radius t o  the space vehicle and the perigee radius decreased 
a given amount. 
0 = 160°. 
studied but increments of l e s s  than 30° l e d  t o  excessively la rge  t o t a l  
thrust  requirement without improving the accuracy; therefore only incre-  
ments of wo and 450 were selected for this method of scheduling correc- 
t i v e  thrust .  

The i n i t i a l  correction point  f o r  t h i s  method was a t  
Angular increments of 5O, loo, l5O, X)O, so, and 45O were 
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FUSULTS AND DISCUSSION 

General Discussion 

The r e s u l t s  of t h i s  study, presented i n  f igures  4 t o  25, a r e  shown 
as probabi l i ty  curves. 
each curve is  based upon 1,100 runs a r e  presented such t h a t  the proba- 
b i l i t y  of the perigee a l t i t u d e  being grea te r  than a given value of rp 

The perigee a l t i t u d e  probabi l i ty  curves where 

can be read d i rec t ly . f rom the f igure .  
probabi l i ty  curves where each curve i s  based upon 1,100 runs a r e  pre-  
sented such t h a t  the probabi l i ty  of 

The t o t a l  correct ive ve loc i ty  I 

c 
less than a given t o t a l  value of VT can be read d i r e c t l y  from the L 

f igure  . 

I 
the  t o t a l  correct ive ve loc i ty  being 

Although a l l  the r e s u l t s  of the present study a r e  presented f o r  a 
desired f i r s t -pas s  perigee a l t i t u d e  of 250,000 f e e t ,  these r e s u l t s  a r e  
applicable t o  any desired perigee a l t i t u d e  because the equations of 
motion and the equation f o r  the change i n  perigee distance (eq. 10) are 
not dependent upon a spec i f i c  value of 
had been chosen as the desired f i r s t -pas s  perigee a l t i t u d e ,  the perigee 
a l t i t u d e  sca le  of f igure  4(a) would be from 250,000 t o  350,000 f e e t  with 
300,000 f e e t  i n  the center .  

rp. For example, i f  jO0,OOO feet  

As noted previously, a perigee a l t i t u d e  band 50,000 f e e t  wide s h a l l  
be considered the maximum acceptable perigee a l t i t u d e  band f o r  a space 
vehicle. It should be noted, however, that an acceptable perigee a l t i -  
tude band w i l l  depend upon the cha rac t e r i s t i c s  of the space vehicle .  
(See re f .  1.) c 

I n  order t o  show an example of the magnitudes of e r r o r  i n  V,  7, 
selected by the random process, t yp ica l  runs f o r  the three and VT 

methods of scheduling correct ive thrust were selected.  
from cases where a. = 100,000 miles, 

aV = lr/10,000 f t l s e c ,  

cent .  Table I l i s t s  the e r ro r s  and other  information a t  each correct ion 
point fo r  the r a d i a l  distance method, time method schedule B, and angular 
method (A9 = 30°). The perigee a l t i t u d e  hp l i s t e d  i n  the tab le  i s  the 
perigee a l t i t u d e  that the vehicle would obtain i f  no other  correct ions 
were made. 
methods of scheduling correct ive thrust would be approximately the same. 

These runs were 
= 6,000 m i l e s ,  

rpO 
ay = O.Ol25r/lO,OOO degree, and avT = 1.3 per- 

I t  should be noted that the veloci ty  a t  perigee f o r  a l l  th ree  
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Effect  of Semimajor Axis 

. 

Cases were analyzed f o r  three values of a. i n  order t o  determine 

the e f f e c t  of the semimajor axis on the d is t r ibu t ion  of perigee a l t i t u d e .  
The values of 
200,000 m i l e s .  These values of a. were used i n  the three sets of 
i n i t i a l  conditions f o r  the three methods of scheduling corrective th rus t .  
For the i n i t i a l  t r a j ec to r i e s  where = R + 250,000 f e e t  and where 

a, = 100,000 m i l e s ,  l50 ,OOO m i l e s ,  and 200,000 m i l e s ,  the  ve loc i t ies  a t  
r = 100,000 m i l e s  are 5,160 f t / s ec ,  5,828 ft/sec, and 6,410 ft/sec, 
respectively,  f o r  the three t ra jec tor ies .  A s  a, increases, the 

veloci ty  approaches escape velocity,  7,295 f t / s ec  a t  
The results of cases where the er rors  i n  V, y ,  and VT were repre- 
sented by 

The results of cases where 

ay = 0.0125°, and 

a, used were 100,000 miles, l50,OOO miles, and 

r = 100,000 miles. 

aV = lr/10,000 f t / s ec ,  a7 = 0 .Ol25r/lO,OOO degree, and 
= 1.3 percent are shown i n  figure 4. 

aVT 

uVT 

the e r ro r s  are represented by av = 1 f t / sec ,  
= 1.3 percent are shown i n  figure 5 .  These r e s u l t s  show t h a t  

changing a. had a negl igible  e f f ec t  on the perigee a l t i t ude .  Although 
not shown, the t o t a l  corrective velocity requirements were approximately 
the same f o r  the three values of a, studied. Thus the remainder of 
t h i s  study w a s  made w i t h  a. = 100,000 miles. 

Figures 4 and 5 a l so  show that, fo r  a given method of scheduling 
correct ive thrus t ,  the same perigee a l t i t ude  band is  indicated f o r  
cases using the three sets of i n i t i a l  conditions. T h i s  w a s  found t o  
be t rue  f o r  a l l  combinations of errors studied; therefore,  the perigee 
a l t i t u d e  probabi l i ty  curves f o r  cases where the i n i t i a l  conditions 
were such that rp = 6,000 and 8,000 m i l e s  w i l l  not be included i n  

the remainder of the  report .  
0 

Effects  of an E r r o r  inMeasuring Velocity 

Errors assumed t o  be dependent upon range.- A se r i e s  of cases where 
the e r ro r  i n  V w a s  varied were analyzed i n  order t o  determine the 
e f f e c t  on the perigee a l t i t u d e  and the t o t a l  correct ive thrust. 
s e r i e s  included cases where the errors i n  7 and VT were f i r s t  assumed 
t o  be zero and then ay = O.Ol25r/lO,OOO degree and cfv = 1.3 percent 

while the e r ro r  i n  V varied. Figures 6 and 7 show the results of cases 
where no e r ro r s  i n  y and VT were assumed and the e r ro r s  i n  V were 

This 

T- 
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uv = lr/10,000 f t / s ec ,  2r/10,000 ft/sec, and 3 r / l O , O O O  f t / s ec .  The 
resu l t s  of cases where the r a d i a l  distance method and the t i m e  method 
schedule B were used show increases of about 8,000 and 3,000 feet ,  
respectively, i n  the width of the perigee a l t i t u d e  band f o r  an increase 
of 1 f t / sec  i n  av. 
rp of increasing av w a s  too small t o  be detected i n  f igure  6. 

When the angular method was used, the e f f e c t  upon 

Figure 7 shows that f o r  a l l  three methods of scheduling correct ive 
thrus t  approximately 40 f e e t  per second of t o t a l  corrective veloci ty  may 
be required f o r  each increase of 1 foo t  per second i n  ay- This incre-  
ment was taken a t  100-percent probabi l i ty .  

The r e su l t s  of cases where the e r ro r s  i n  y and VT were 
a7 = O . O l 2 5 r / l O , O O O  degree and avT = 1.3 percent and the e r ro r s  i n  

V were 
and 10r/10,000 f t / s e c  
tha t ,  in  the presence of e r ro r s  i n  7 and VT, an e r ro r  i n  V that i s  
dependent upon range has a negl igible  e f f e c t  on the perigee a l t i t u d e .  
Figure 9 shows that i n  the presence of e r ro r s  i n  y and VT an e r r o r  
i n  V of uv = 3r / lO,W f t / s e c  or l e s s  has l i t t l e  e f f e c t  on the 
economy of the mission but that an e r r o r  of 
has a serious e f f e c t  on the economy. 

aV = lr/10,000 f t l s e c ,  2r/10,000 f t l s e c ,  3r/10,000 f t l s e c ,  
a re  given i n  f igures  8 and 9. Figure 8 indicates  

av = 10r/10,000 f t / s e c  

Errors assumed invariant  with range.- The results of cases where 
no errors i n  7 and VT were assumed and the e r ro r s  i n  V were 

av = 1 f t / s ec ,  2 f t / sec ,  and 3 f t / s e c  
For an increase of 1 foo t  per second i n  aV, the width of the perigee 
a l t i t ude  band increased about 8,000 and 3,000 f e e t  when the r a d i a l  d i s -  
tance method and the t i m e  method schedule B, respectively,  were used. 
These results ( f i g .  11) indicate  t h a t  a t o t a l  of less than 
10 f t / s ec  w i l l  be required f o r  each e r r o r  of 1 f t / s ec  i n  
dependent upon range).  

are shown i n  f igures  10 and 11. 

VT 
UV (not 

Figures 12 and 13 give the results of cases where the errors i n  y 
and VT were cry = 0.0123O and avT = 1.3 percent and the e r ro r s  i n  V 

were I n  the presence 
of errors i n  y and VT, an e r ro r  i n  V of av = 3 f t / s e c  or  less had 
a very small e f f ec t  on both the perigee a l t i t u d e  and the t o t a l  correct ive 
velocity. However, f igure 13 shows that, when the e r ro r  i n  V i s  
increased from av = 3 f t / s e c  t o  aV = 10 f t / s ec ,  the t o t a l  VT require- 
ments show increases on the order of 40 f e e t  per  second. 

av = 1 f t / sec ,  2 f t / s ec ,  3 f t / s ec ,  and 10 f t / sec .  

c 

L 
7 
C 
c 
C 



Effects  of an E r r o r  i n  Measuring 7 

. 
Errors assumed t o  be dependent upon range.- A s e r i e s  of cases where 

the  e r r o r  i n  7 w a s  varied were analyzed i n  order t o  determine the 
e f f e c t s  on the perigee a l t i t u d e  and t o t a l  corrective velocity.  Fig- 
ures 14 and 15 give the resu l t s  of cases where no e r rors  i n  V and 
were assumed and the e r ro r s  i n  7 were ay = 0.00625r/10,000 degree, 
0 .Ol25r/lO,OOO degree, O.O25Or/lO,OOO degree, and 0.0375r/10,000 degree. 
For each increase i n  a7 
of the perigee a l t i t u d e  band increased about 60,000 f e e t  when the r a d i a l  
distance method w a s  used, 35,000 f ee t  when the time method schedule B 
w a s  used, and 2,500 feet  when the angular method was used. The t o t a l  VT 
requirements of a l l  three methods of scheduling corrective th rus t  
increased about 200 f e e t  per second each t i m e  (dependent upon range) 
increased 0 .Ol25'. 

VT 

(dependent upon range) of 0 .Ol25', the width 

a7 

Figures 16 and 17 give the  results of cases where the e r rors  i n  
= 1.3  percent and the 

V 

uVT 
and VT were aV = lr/10,000 f t / s e c  and 

e r ro r s  i n  y were a7 = o.o0625~/1o,ooo degree, O.Ol25r/lO,OOO degree, 
O.O25Or/lO,OOO degree, and O.O375r / lO ,OOO degree. A comparison of f i g -  
ures 14 and 15 with f igures  16 and 17 indicates  tha t ,  when an e r r o r  i n  
of a7 = 0.00625~/10,000 degree i s  present, the e f f e c t  on rp and t o t a l  
VT of adding e r ro r s  i n  V and VT of U v  = lr/10,000 f t / s e c  and 

7 

= 1 .3  percent i s  negligible.  
uVT 

Errors assumed invariant  with range.- The r e su l t s  of cases where no 
e r ro r s  were assumed i n  V and VT and e r ro r s  i n  7 were uy = 0.006250, 
O.O125O, 0.0250°, and 0.0375O are shown i n  f igures  18 and 19. For each 
increase i n  ay 
tude band increased i n  width about 60,000 feet  when the r a d i a l  distance 
method w a s  used, about 45,000 f e e t  when the t i m e  method schedule B w a s  
used, and about 6,000 f e e t  when the angular method w a s  used. The t o t a l  
VT t h a t  may be required t o  accomplish the mission increased about 
50 f t / s e c  when e i the r  the r ad ia l  distance method or  the t i m e  method 
schedule B w a s  used and about 120 f t / s ec  when the angular method w a s  
used each time u (not  dependent upon range) increased 0.0125°. 

(not dependent upon range) of 0.0125° the perigee a l t i -  

7 

Figures 20 and 21 give the results of cases where e r rors  i n  V and 
VT were av = 1 f t / s e c  and aV = 1.3 percent and the e r ro r s  i n  7 

were 
the  same d i s t r ibu t ion  of rp and to t a l  VT as tha t  shown i n  f igures  18 
and 1.9. 

T 
u7 = o.o0625O, O.Ol25O, 0.0250°, and 0.0375O. These r e s u l t s  show 
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Effects  of an Error i n  the Magnitude of VT 
A se r i e s  of cases where the e r r o r  i n  VT w a s  varied were analyzed 

i n  order t o  determine the e f f ec t s  of an e r r o r  i n  the magnitude of VT. 
The assumed e r ro r s  f o r  VT were uvT = 1.3, 2.6, 3.9, and 10.4 percent.  

Figures 22 and 23 give the r e su l t s  of cases where the e r ro r s  i n  V and 
7 were aV = lr/10,000 f t / s e c  and uy = O.Ol25r/lO,OOO degree while 
the error i n  VT varied.  Figures 24 and 25 give the r e s u l t s  of cases 

I 

where the e r rors  i n  V and 7 were av = 1 f t / s e c  and u 7 = 0.0125O L 
while the e r r o r  i n  VT varied. These results indicate  t h a t  an e r r o r  i n  7 

0 
2 the magnitude of VT 

(See f ig s .  22 and 24.) 
( f i g s .  23 and 25) show t h a t  a 10.4-percent e r ro r  i n  
e f f e c t  on the economy of the mission when e i t h e r  the r a d i a l  dis tance 
method or the t i m e  method schedule B i s  used. However, when the angular 
method i s  used f o r  cases where the i n i t i a l  conditions were such that 

observed when the e r ro r  i n  VT 

has a very small e f f e c t  on the perigee a l t i t u d e .  
The t o t a l  correct ive veloci ty  d i s t r ibu t ions  

VT has a very s m a l l  

= 6,000 and 8,000 m i l e s ,  large increases i n  the  t o t a l  VT are rPO 
increased from 3.9 percent t o  10.4 percent.  

Overall Comparison of Three Methods 

Perigee a l t i t u d e  control.-  The perigee a l t i t u d e  probabi l i ty  curves 

avT = 1.3 per- 
i n  figure 4, r e s u l t s  of cases where the e r r o r s  were represented by 
ov = lr/10,000 f t / s ec ,  a7 = O.Ol25r/lO,OOO degree, and 

cent,  are used t o  compare the perigee a l t i t u d e  control  of the three 
methods of  scheduling correct ive th rus t .  The r a d i a l  distance method 
( f i g .  &(a) )  gave a poor perigee a l t i t u d e  control  t h a t  has about 95-percent 
probabili ty of obtaining a perigee a l t i t u d e  within t25,OOO f e e t  of the 
desired perigee a l t i t u d e .  
poor but acceptable perigee a l t i t u d e  control .  

control. This comparison shows that the angular method, from a perigee- 
a l t i t ude  control  viewpoint, is  superior t o  the other  method studied. 
superior per igee-al t i tude control  of the angular method may be seen by 
coinparing the per igee-al t i tude probabi l i ty  curves i n  other  f igures .  

The t i m e  method schedule B ( f i g .  4 ( c ) )  gave a 
The angular method using 

= 300 o r  45' ( f i g s .  4(d)  and 4 ( e ) )  gave excel lent  perigee a l t i t u d e  

The 

A comparison of r e s u l t s  f o r  the three methods of scheduling correc- 
t i v e  thrust  indicated that the angular method gave the bes t  perigee- 
a l t i t u d e  control  because the  r a d i a l  distance t o  the f inal  correct ion poin t  
f o r  th i s  method w a s  less than that f o r  the other methods studied. 

I n  order t o  invest igate  t h i s  point ,  addi t ional  cases f o r  the three  
methods of scheduling correct ive t h r u s t  were analyzed where the r s d i a l  



distance t o  the f ina l  correction point before perigee was approximately 
the same fo r  a l l  three methods. 
the l as t  correct ion point for  the time method schedule B (r  = 6,725 m i l e s )  
w a s  se lected f o r  these cases. For the r a d i a l  distance method, ro w a s  
changed t o  96,725 m i l e s  so that the rad ia l  distance a t  the  f i n a l  correc- 
t i on  point  would be 6,725 m i l e s  when &r = 10,000 miles. 
method (where A9 = 30°), 0, was changed t o  170' and the f inal  correc- 
t i on  before perigee w a s  made a t  0 = 80° (where r 6,730 miles) .  The 
r e s u l t s  of these cases ( f i g .  26) show approximately the same perigee- 
a l t i t u d e  band f o r  the three methods of scheduling corrective thrus t .  It 
i s  therefore concluded that the predominant reason f o r  the superior 
per igee-al t i tude control of the angular method i s  that  the r ad ia l  distance 
t o  the las t  correction point f o r  t h i s  method is less than t h a t  f o r  the 
other two methods studied. I n  general, it may be stated that the  perigee 
a l t i t u d e  is  primarily determined by the radial distance and instrumenta- 
t i o n  inaccuracies a t  the  f i n a l  correction point.  The ordered sequence of 
corrections p r io r  t o  the f inal  correction i s  secondary i n  accuracy but  
d i r e c t l y  a f f e c t s  the  t o t a l  corrective veloci ty  required.  
based on angular increments where the number of corrections increase with 
proximity t o  the earth appears t o  be a desirable  scheme during the termi- 
na l  phase. 

For convenience, the radial distance t o  

For the angular 

Corrections 

Corrective velocity requirements.- A comparison of the probabi l i ty  
curves of the  t o t a l  corrective velocity f o r  the  condition where 

= R + 250,000 f e e t  and f o r  given accuracies indicate  t h a t  a l l  three 
rPO 
methods of scheduling corrective t h r u s t  have approximately the same 
correct ive th rus t  requirements. 
probabi l i ty  curves f o r  the i n i t i a l  conditions where 

and 8,000 m i l e s  a t  given accuracies, it is  seen that each d r  of 

1,000 miles require a VT 
r a d i a l  distance method o r  the t i m e  method schedule B is  used and about 
225 fee t  per second when the angular method (AI3 = 30') is  used. 

By comparing the corrective veloci ty  
= 6,000 miles 

PO 

rPO 

of about.130 feet  per  second when e i t h e r  the  

A l a rge r  VT i s  required t o  correct an i n i t i a l  e r ro r  i n  rp when 
the angular method i s  used because of the  small-angle approximation 
used i n  calculat ing VT. Because of the r e l a t ive ly  large changes i n  V 
and 7 required t o  cor rec t  an e r r o r  of 1,000 miles (or l a rge r )  i n  r 

the r e l a t ions  f o r  dy and dV (eqs. (8) and ( 9 ) )  introduce e r ro r s  i n  
calculat ing VT that cause the value of VT calculated t o  be smaller 
than the  value of VT needed t o  correct the e r r o r  i n  rpo. Thus the 

f i r s t  th rus t  impulse does not en t i re ly  cor rec t  the i n i t i a l  e r r o r  i n  r 

PO' 

PO 
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and a second impulse i s  required before the space vehicle i s  approximately 
on the desired f l i g h t  path.  When e i t h e r  the radial  distance method or the 
time method schedule B i s  used, the second correct ion point  is  r e l a t i v e l y  
close t o  the i n i t i a l  point  and the value of 
second correction i n  rp 
However, when the angular method i s  used, the second correct ion poin t  i s  
a t  a great distance from the i n i t i a l  point  and the  value of VT required 
t o  make the  second correct ion i n  r i s  large.  This e f f e c t  of the  loca- 

I 
t i o n  of the  second correction point  on VT 
values of r, kp, and VT from runs f o r  the three methods of scheduling i 

f corrective th rus t  given i n  tab le  I. 

VT required t o  make the 
i s  small compared with the f i r s t  correct ion.  

P 
can be seen by comparing the 

The difference between the t o t a l  correct ive veloci ty  requirements 
f o r  the angular method and the other  two methods i s  about the same as the 
difference between the corrective veloci ty  used t o  make the second cor- 
rec t ion  f o r  the respective methods. 

that an addi t ional  correct ion is  applied close t o  the i n i t i a l  point  
would lower  the t o t a l  corrective veloci ty  requirements f o r  t h i s  method. 

Thus, when there i s  an e r r o r  i n  
of 1,000 miles o r  more, a modification of the angular method such rpo 

A comparison of results of cases where the e r ro r s  i n  V and 7 
t h a t  are dependent upon range and the e r ro r s  i n  V and 7 that are 
not  dependent upon range indicate  that the correct ive th rus t  require-  
ments are lower f o r  the  cases where the e r ro r s  are not dependent upon 
range. 

CONCLUSIONS 

Results of a study of the guidance of a space vehicle re turning t o  8 
braking e l l i p s e  about the ea r th  where three methods of scheduling cor- 
rec t ive  t h r u s t  were compared i n  terms of e r ro r s  i n  perigee a l t i t u d e  and 
t o t a l  corrective veloci ty  required l ed  t o  the following conclusions : 

1. The e f f e c t  on perigee a l t i t u d e  and t o t a l  correct ive veloci ty  of 
an error i n  the f l igh t -pa th  angle i s  predominant over the e f f e c t  of 
e r ro r s  i n  the magnitude of both the space vehic le ' s  veloci ty  and the 
corrective veloci ty .  

2. Although the t ra jec tory  i s  changed a t  each correct ion poin t  
along the f l i g h t  path, the radial distance and the instrumentation 
inaccuracies a t  the f inal  correct ion point  before reaching perigee 
determined the  f i r s t -pas s  perigee a l t i t u d e .  Therefore, it is  desirable  
t o  make the f i n a l  correction r e l a t i v e l y  close t o  perigee. 
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3. The e f f e c t  on perigee a l t i t ude  and t o t a l  correct ive th rus t  of 
varying the semimajor axis of the i n i t i a l  t r a j ec to ry  from 100,000 t o  
200,000 m i l e s  w a s  negl igible .  

4. The accuracy with which the desired perigee a l t i t u d e  can be 
obtained i s  not dependent on the  value of the or ig ina l  (that is, i f  no 
corrections a r e  made t o  the or ig ina l  t r a j ec to ry )  perigee a l t i t u d e .  

5 .  The angular method of scheduling correct ive th rus t  (applying a 
correct ion each t i m e  the angle between the radius t o  the space vehicle 
and the  perigee radius  decreased 30') provided excel lent  per igee-a l t i  tude 
control  f o r  a l l  e r ro r s  studied. 

6.  When the difference between the desired f i r s t -pas s  perigee 
a l t i t u d e  and t H e  i n i t i a l  perigee a l t i t ude  i s  1,000 miles (o r  more), a 
modification of the angular method such t h a t  an addi t ional  correct ion 
i s  appl ied close t o  the i n i t i a l  point would lower the t o t a l  correct ive 
veloci ty  requirements f o r  t h i s  method of scheduling correct ive th rus t .  

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field,  V a . ,  September 16, 1959. 
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APPENDIX 

DEVIATIONS OF PERIGEE ALTITUDE CAUSED 

BY CHANGES I N  7 and V 

The equation f o r  the perigee distance of an e l l i p t i c a l  o r b i t  i n  
terms of r,  V, and 7 i s  

Since the present study i s  concerned with the change i n  r caused by 
changes i n  V and 7 a t  a given r ad ia l  distance,  the variable r i n  
equation ( A l )  is  considered a known quantity.  

P 

The following expression may be obtained: 

L 
7 
0 
2 

The p a r t i a l  derivative of rp with respect  t o  7 i s  obtained by d i f -  
fe ren t ia t ing  equation ( A l )  

cos 7 
cos 7 

By multiplying the numerator by - and subs t i tu t ing ,  2 f o r  

r2V2co s2y 

gR2 
(eq. ( 3 ) ) ,  t h i s  expression becomes 



If 

L 
7 
0 
2 

. 

d 

then 

The p a r t i a l  der ivat ive of r with respect t o  V -is obtained by 
P 

d i f fe ren t ia t ing  equation ( A l )  as 

- J  b2I2 
r 2 2  v cos 2 (  7 2gT R2 - ~2 

gR2 - gR2 I 1 - 

v 2 2  r cos 2 (  7 2g- R2 - v2 
, and simplifying y i e ld  Subst i tut ing e and 1 - e2 = r 



20 

1 
7 
0 
2 



21 

REFERENCES 

1. Xenakis, George: 
Lunar Vehicle. 
U.S. A i r  Force, Mar. 1358. 

Some F l igh t  Control Problems of a Circumnavigating 
WADC Tech. Note 58-82, ASTIA Doc. No. AD-151111, 

2. Blumstein, Alfred: Application of Monte Carlo Techniques t o  the  
Analysis of the Ground Controlled Approach System. 
No. JA-848-G-2, Cornel1 Aero. Lab., Inc. ,  Feb. 1, 1954. 

Rep. 

3. Moulton, Forest  Ray: An Introduction t o  Ce le s t i a l  Mechanics. Second 
rev.  ed. ,  The Macmillan Co., c.1914. 



22 

. 

'.bo 
P d  

T 
C 
c 
a 

a 

a 
C 
E 

+ (I 

T 
c 
a 
T 

T 

d 

n r l w  m N  t- 
I"???? 
c o N  I I I 

nnrl cu rl N nf m a  
Q!?? 9 I ??? 9 f 
c u l l  I l l  I 

I 

rl mcuw M r l  no 1 ;?4?e1??? I 1  

8%8 88%21='2," 
? ? ? ? ? ? ? ? ? ?  
9 
ncu N t-w n m o o  rl 

I 1  I 

\D ncnrl c n f  m r l  m d  rl-f r-mw cn *w 0 r - f  rl 0 0 
? ? ? ? ? ? ? ?  9 ' 1  I 

I 
N N O f  O Q  NU3 0 

o w m r l  I I I mcurl 
r 4  I 

0 0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0 0  
O,O,O, 0'0'0, 0. o,o,o, 
4 ma3 c-w m a  mcu rl 



23 

UJ 

4-1 
0 



24 

8 

a, > 
.I+ 
4J 
V 
a, 
k 
k 
0 
0 

9 
a 
9 



1R 

25 

N 
3 

J 
7 

(a) Radial distance method where ro = 100,000 miles 
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(b) Time method schedule B where to = 17 h r .  A t  variable.  

( c )  Angular method where 8, = 160' and A8 = 30'. 

Figure 3 . -  Schematic diagrams of , three t r a j ec to r i e s  defined by the 
= R + 250,000 feet, 6,000 miles, and 

rpO i n i t i a l  conditions where 

8,000 m i l e s  showing (1) the i n i t i a l  points of t h i s  study and (2) the 
correction points  along the t ra jectory defined by the i n i t i a l  condi- 
t ions  where r = R + 250,000 f e e t  f o r  the three methods of 

PO 
scheduling correct ive thrust. 
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Figure 4.- Probabi l i ty  of exceeding a given perigee a l t i t u d e  
for three values of a. where the e r r o r s  i n  V, 7, and VT 
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Figure 9.- Total  correct ive veloci ty  probabi l i ty  curves for four  e r r o r s  
i n  V that were dependent upon range and where the e r r o r s  i n  y and 
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Total corrective velocity, ft/sec 

(a) Radial distance (b)  Time method ( c )  Angular method 
method . schedule B. (A0 = 30'). 

' igure 11.- Total correct ive veloci ty  probabi l i ty  curves for three 
errors i n  V that were not  dependent upon range and where the e r r o r s  
i n  7 and VT were zero. a. = 100,000 m i l e s .  
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